The current research of reliability allocation of CNC lathes always treat CNC lathes as independent series systems. However, CNC lathes are complex systems in the actual situation. Failure correlation is rarely considered when reliability allocation is conducted. In this paper, drawbacks of reliability model based on failure independence assumption are illustrated, after which, reliability model of CNC lathes considering failure correlation of subsystems is established based on Copula theory, which is an improvement of traditional reliability model of series systems. As the failure time of CNC lathes often obeys Weibull or exponential distribution, Gumbel Copula is selected to build correlation model. After that, a reliability allocation method considering failure correlation is analyzed based on the model established before. Reliability goal is set first and then failure rates are allocated to subsystems according to the allocation vector through solving the correlation model. Reliability allocation is conducted for t = 1. A real case of a CNC lathe and a numerical case are presented together to illustrate the advantages of the reliability model established considering failure correlation and the corresponding allocation method. It shows that the model accords to facts and real working condition more, and failure rates allocated to all the subsystems are increased to some extent. This research proposes a reliability allocation method which takes failure correlation among subsystems of CNC lathes into consideration, and costs for design and manufacture could be decreased. 
Introduction
CNC lathes take an important role in mechanical equipment, the reliability technology of which is improved and developed gradually by scholars at home and abroad. Zhang et al. [1, 2] put forward the reliability syllabus of mechanical products including CNC lathes and researched the essence of reliability-based design. Wu et al. [3] presented a novel reliability assessment methodology with machining performance degradation data for estimating the reliability level of equipment. Li et al. [4] presented a reliability optimization design method considering the failure caused by overlarge static deformation of the CNC lathe spindle, so that reliability was improved and reliability robustness increased at the same time. CNC lathes are traditionally regarded as series systems [5] , and it's commonly seen in some researches that failures of different subsystems are independent, which means that failure of a certain subsystem cannot be influenced by any other subsystem. However, according to engineering experience and practical situation, failure independence hypothesis is not accurate enough [6] , which may cause unnecessary costs. Problems such as changes in environment or uneven distribution of materials may lead to the same variation tendency of subsystems' reliability, resulting in fluctuation of the reliability of the lathe. Failure of a subsystem is not only related to fatigue caused by long time operation, but also related to failures of other systems, which is so-called failure correlation [7, 8] . Therefore, failure correlation should be given full consideration when assessing reliability of CNC lathes.
In recent years, many researches about failure correlation of different systems and structures have been conducted by scholars. Shen et al. [9] proposed an average maintenance time calculation method for CNC machine tools. Copula connection function was used to calculate failure rate function of components with failure correlation. Wang et al. [10] employed Gaussian Copula function to construct joint distribution of the random variables, and developed a novel model to describe the deterioration of aging structures in reliability analysis. Huang et al. [11] established avionics reliability assessment model based on Copula theory considering two kinds of failure modes. Mou et al. [12] researched reliability model of planetary steering gear using fault tree analysis and fuzzy theory. Zhang et al. [13] discussed failure correlation of CNC equipment taking CNC machine as an illustrative example, and compared the results with that of traditional series model. Chen et al. [14] proposed a reliability allocation method considering failure dependence, whose effect of cost reduction was demonstrated through a numerical case. Liu et al. [15] proposed a dimensionality reduction calculation method for multidimensional Copula, which enhanced computing efficiency to a large extent.
Based on the statement above, this paper established reliability model of CNC lathes considering failure correlation of subsystems using Copula theory, and then proposed a reliability allocation method based on the model. The rationality and effectiveness of the allocation method were explained and verified through two examples compared with traditional method based on failure independence assumption. Therefore, this paper provides reference and support for reliability design of CNC lathes.
Copula Theory

Definition and Properties of Copula
Copula function was first proposed by Sklar in 1959, which is a description for dependency relationship. It has been widely used in many fields, such as financial field, mechanical field and electronic field. Copula function can provide a link between joint distribution and marginal distribution of two or more random variables [16] . It can describe failure dependency or correlation roundly and reflect what's real of the relationships among different subsystems. Introducing Copula function into reliability analysis of CNC lathes can make up the shortage of traditional failure independence assumption.
Assuming that there are random variables, x 1 , x 2 , …, x n , the marginal distribution of which are respectively F 1 (x 1 ), F 2 (x 2 ), …, F n (x n ). F i (x i ) obeys uniform distribution between 0 and 1. Copula function that can describe these variables is written as C(F 1 (x 1 ), F 2 (x 2 ), …, F n (x n )). n-Dimensional Copula has the following characteristics [17] .
n , if all of them are equal to 1 except for
Sklar Theorem
It has been pointed out in Sklar theorem [18] that if joint distribution function of n-dimensional random variables is denoted as F(x 1 , x 2 , …, x n ), there exists a Copula function 
is the density function of marginal distribution function F i (x i ).
Archimedean Copula Function
There are many kinds of Copula functions, among which, Archimedean Copula function is widely used including Frank Copula, Clayton Copula and Gumbel Copula, and so on [19] . Expression of Archimedean Copula function is (1) (3) . θ should make L(θ) reach its maximum, which can be expressed as L(θ; x 1 , x 2 , . . . , x n ) = maxL(θ; x 1 , x 2 , . . . , x n ). θ can be obtained through solving
Reliability Model of CNC Lathes Based on Copula Function
CNC lathes are composed of several subsystems, denoted as X 1 , X 2 , …, X N . Assuming that lifetime of subsystems are T 1 , T 2 , …, T N , reliability of the ith subsystem is (4)
, where F i (t) is the unreliability of the ith subsystem. According to independence assumption for series systems, reliability of the lathe is [20] To be more consistent with actual situation and give a more precise description of failure correlation among different subsystems, it's hypothesized that n (n ≤ N) subsystems are dependent in terms of failure, while the other m (m = N − n) subsystems are independent. Reliability of failure dependent subsystems R (t) can be calculated with Copula function. Assuming that the joint distribution function of lifetime of the n subsystems with failure dependency is
is the marginal distribution function of T i , which is continuous. According to Sklar theorem, there exists the only n-dimensional Copula function and
. Therefore, expression of R (t) is Equation (6) can be rewritten with Copula function as 
Finally, the failure dependent reliability model of the CNC lathe is obtained when considering failure correlation, which is It needs to explain that if there are n 1 subsystems with failure correlation, while other n 2 subsystems with failure correlation, and so on, then reliability model of the CNC lathe is that where N 1 , N 2 , …, N σ are the numbers of subsystems with failure correlation respectively, the sum of which is N − m.
The upper bound of R sys is the result of the weakest link theory, denoted as R w , where R w = min(R 1 , R 2 , …, R N ). The lower bound of R sys is the result of independence hypothesis, denoted as R p , where
Assuming that there is a system including four failure dependent subsystems, reliability of which are respectively
9796. Based on the statement above, reliability of the system using Copula function is
The change situation of R sys (t) along with parameter θ is shown in Figure 1 . It can be seen that reliability considering failure correlation is between the result of the weakest link theory and that of independence hypothesis. With the increase of θ, the result is close to that of independence hypothesis.
A Reliability Allocation Method of CNC Lathes Considering Failure Correlation
Reliability allocation is to allocate reliability index to products of each level from top to bottom according to certain principles and methods [21, 22] . Traditional ARINC allocation method [23] takes the failure rates of subsystems into consideration, which are used to calculate weight factors for allocation. The target failure rate is then allocated to each subsystem in proportion to the values of the weight factors. Wang et al. [24] considered seven factors, such as frequency and criticality of failure, and proposed a comprehensive allocation method for CNC lathes. Kim et al. [25] transformed the traditional severity level into exponential type to avoid the occurrence of unacceptable failure effects. Yadav et al. [26] proposed an allocation method through modifying traditional calculation method of criticality and introducing the potential for reliability improvement into allocation factor. In addition, Liu et al. [27] established a fuel cell vehicle model considering factors such as subsystem cost and limit reliability, and employed a genetic algorithm to reallocate the reliability of the overall vehicle system. Sriramdas et al. [28] evaluated allocation factors in linguistic terms and proposed an allocation approach. All the methods mentioned above are based on independence hypothesis, however, failures of a subsystem are not only caused by fatigue and aging of the components, but also by failures of other subsystems. Many researchers have developed and improved the corresponding allocation methods. Zhuang et al. [29] proposed an allocation method using two-dimensional mapping of components and functions considering functional dependency and modified criticality factor. Yang et al. [30] gave an overall consideration of several allocation factors, established coefficient matrix of failure correlation, calculated correlated failure severities of subsystems, and finally allocated the target reliability value to each subsystem.
Above all, taking failure correlation of subsystems into consideration, this section proposed a reliability allocation method applying Copula theory based on the where λ obj is the target value of failure rate that needed to be allocated to subsystems. The following part focuses on allocation considering failure correlation. For all the N subsystems, reliability allocation process is still carried out in accordance with the values in A, which means that the ratio between failure rate of the ith subsystem and that of the jth subsystem is that λ i
Failure time of CNC lathes usually obey exponential distribution or Weibull distribution. Here, reliability allocation is discussed taking exponential distribution as an example. Failure rate is constant for exponential distribution, and the relationship between reliability and failure rate is Reliability allocation is the primary stage of the life cycle of CNC lathes, which is conducted in this paper when t = 1.
Setting the failure rate to be allocated to the ith subsystem λ i * as the standard, the failure rates to be allocated to other subsystems can be expressed with λ i It can be concluded that failure rates allocated to subsystems are higher when considering failure correlation than that based on independence hypothesis, while the failure rate of the overall system remains the same, which still meets the design requirement. For a certain subsystem, if the acceptable failure rate is higher, then the cost of design and manufacture could be decreased, which makes it easier to make the subsystem up to standard. Therefore, the allocation method is more reasonable and consistent with engineering practice.
Real Case and Discussions
Reliability Model of CNC Lathes Considering Failure Correlation
This section establishes reliability calculation model of a CNC lathe using the theory in Section 3. The CNC lathe is divided into eight key subsystems such as main driving system (M), feeding system (F), cooling system (B), turret (T), clamping system (C), hydraulic system (H), electric system (E) and protection system (P). Reliability functions (Weibull distribution as an example) and linear correlation coefficients are listed in Table 1 . Reliability curves are shown in Figure 2 . When assuming that all the eight subsystems are failure independent, reliability model of the lathe is According to Ref. [13] , subsystems with relatively low linear correlation coefficient are seen as failure dependent. From Table 1 , correlation coefficients of feeding system (F) and clamping system (C) are 0.956 and 0.949 respectively, which are the lowest of all. Therefore, reliability model of the lathe is discussed in the following part considering failure correlation between feeding system (F) and clamping system (C).
According to Ref. [14] , for systems like CNC lathes, Gumbel Copula is the most optimum choice to describe dependency among subsystems. Reliability model of the system including feeding system (F) and clamping system (C) is (15) 
Changing situation of R FC (t) along with time is shown in Figure 3 when parameter θ takes different values, where, feeding system (F) and clamping system (C) are independent when θ = 1. When t remains unchanged, the smaller θ is, the stronger the correlation, and the higher the reliability will be. θ is set as 0.3 in this case.
To establish reliability model of the lathe, feeding system (F) and clamping system (C) are seen as an integrated system. Then, there are seven independent subsystems in series. Therefore, reliability model of the lathe when θ = 0.3 is (17) Further, reliability model of the lathe considering failure correlation among all the subsystems is Figure 4 shows the reliability curves of the lathe when all the subsystems are independent, considering failure correlation between feeding system (F) and clamping system (C) and considering failure correlation among all the subsystems. It can be seen from the figure that reliability of the lathe is the lowest when failure correlation is not considered, while reliability is becoming higher when considering failure correlation among more subsystems.
Reliability Allocation of CNC Lathes
Taking the data in Ref. [24] as a reference, an example of reliability allocation is presented by using the method in section 4, and comparison is made between the results of the method proposed in this paper and that of the method in Ref. [24] . Target value of failure rate λ obj = 1/MTBF obj = 0.002, where, MTBF obj denotes the reliability goal of the overall CNC lathe in Ref. [24] .
In Ref. [24] , there were total 15 subsystems of CNC lathes and seven allocation factors are considered such as frequency of failure, criticality of failure, maintainability, complexity, manufacturing technology, working condition and cost. For each allocation factor, relative ratios for failure rate allocation between every two subsystems were calculated to get ratio matrix B (k) . Then, a matrix Γ can be obtained by calculating the average values of the entries in each row of the matrix B (k) for the seven allocation factors. There is a vector W in Ref. [22] called weighting vector, representing the weight or importance (18) R sys (t)
. of each allocation factor, which was obtained by expert rating method. The comprehensive failure rate allocation vector for all subsystems A was defined by A = W·Γ. Based on the data in Ref. [22] , the allocation vector is finally obtained as follows: Allocation results according to the method proposed in Ref. [24] are shown in Table 2 , which are on the basis of independence hypothesis.
Considering failure correlation among all the 15 subsystems, target value of failure rate is still λ obj = 0.002. Failure rate of Turret (M) λ 1 * is selected as the standard, and it can be obtained according to allocation vector A that where λ i * denotes the failure rate to be allocated to the ith subsystem by using the method proposed in this paper. Parameter θ of Gumbel Copula is taken as 0.3, and exponential distribution is considered for the failure time, reliability model of the lathe can be obtained where Table 3 . It needs to state here that in this case, failure rate of Turret (M) is selected as the calculation standard. In fact, failure rate of any other subsystem will be the choice for the standard, and it will not cause change to the allocation results.
The increasing percentages of failure rates when failure correlation is considered compared with that in Ref. [24] are shown in Figure 5 . It can be concluded that failure rates of each subsystem have been increased by 40% to 50%, while failure rate of the lathe is still 0.002. Therefore, under the premise that MTBF of the lathe remains the same, reliability demands are lowered so that costs will be reduced to a large extent, which takes away unnecessary wastes and trouble for designers.
Conclusions
In this paper, a reliability model of CNC lathes considering failure correlation among subsystems is established by using Copula function, and a reliability allocation method is proposed based on the model. Reliability of failure dependent subsystems is first calculated, which is multiplied by reliability expressions of other systems that are failure independent so that reliability model of the lathe is obtained. A reliability allocation method considering failure correlation is proposed by using the allocation vector calculated in any method based on failure independence assumption and the model established before. From the theoretical analysis and the cases, the following conclusions can be drawn.
(1) CNC lathes are treated as failure dependent systems considering failure correlation among subsystems, which are described based on Copula theory. Gumbel Copula is applied to establish reliability model. By comparing the model established in this paper and that based on independence hypothesis, it can be concluded that failure correlation model can give a more precise description of the actual running state and increase estimated or predicted reliability of CNC lathes. (2) Based on the established model, a reliability allocation method considering failure correlation is proposed. Ratios among failure rates to be allocated to each subsystem are obtained according to the allocation vector of any existing allocation method based on independence hypothesis, which are substituted into the model established before to get the final results. The allocated failure rates by the method in this paper are higher than that of the method based on independence hypothesis while the MTBF of the lathe remains the same, so that the advantage of the proposed method lies in that costs for design and manufacture can be reduced to a large extent. (3) Through a numerical case applying the theory in this paper, practicability, rationality and accuracy of the method in this paper is verified. Therefore, the present study can be helpful to the reliability design and analysis of series systems like CNC lathes or other mechanical systems having similar structures. 
